On CAT(0) structures for free-by-cyclic groups  by Samuelson, Peter
Topology and its Applications 153 (2006) 2823–2833
www.elsevier.com/locate/topol
On CAT(0) structures for free-by-cyclic groups
Peter Samuelson
Department of Mathematics, Cornell University, Malott Hall, Ithaca, NY 14853, USA
Received 4 July 2005; received in revised form 7 December 2005; accepted 8 December 2005
Abstract
We construct CAT(0) spaces on which various free-by-cyclic groups act. Let G be the free-by-cyclic group F(a, c1, . . . ,
cn, d) ϕ Z with ϕ determined by φ(a) = a, φ(cj ) = cj aκ , and φ(d) = dw, where w is some word not containing d. Our
main result is that if the exponent sum of cn in w is non-zero, then there is a CAT(0) metric space on which G acts properly
discontinuously and cocompactly by isometries.
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1. Introduction
There are many notions of non-positive curvature for groups, e.g. automatic (see [5]), CAT(0) (see [4]), combable,
semihyperbolic, or having a quadratic isoperimetric inequality. However, none of these seem to capture the notion of
non-positive curvature as beautifully as hyperbolic groups capture negative curvature. It seems reasonable to insist
that for G to be non-positively curved, it must at least satisfy a quadratic isoperimetric inequality. Free-by-cyclic
groups provide an excellent testing ground for better understanding the various notions of non-positive curvature for
discrete groups because a proof that all free-by-cyclic groups satisfy a quadratic isoperimetric inequality has been
announced [3]. However, there are free-by-cyclic groups which are not CAT(0) [6]. (A group is a CAT(0) group if it
acts properly discontinuously and cocompactly on a CAT(0) metric space. We call such an action a geometric action.)
In this paper we examine which free-by-cyclic groups are CAT(0).
Recall that a free-by-cyclic group is the semidirect product G = F ϕ Z, where ϕ is an automorphism of the free
group F . We approach the problem of which free-by-cyclic groups are CAT(0) in a systematic way. The case where
F has rank one is trivial, and T. Brady showed in [2] that if F has rank 2, then G is CAT(0). In [6], however, it is
shown that there are automorphisms ϕ of the free group of rank 3 for which the corresponding free-by-cyclic group is
not CAT(0). Therefore, we start by studying the case where F is of rank 3. We restrict ourselves to the case where ϕ
is a polynomially growing automorphism. In this case, [1, Theorem 3.12] suggests that a natural starting point is the
set of automorphisms of F(c1, . . . , cn) of the form ϕ(cj ) = cjwj , with wj ∈ 〈c1, . . . , cj−i〉.
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An outline of the paper is as follows. In Section 2 we recall preliminary definitions and results about CAT(0)
spaces. In Section 3 we describe a construction from [4] which, given appropriate hypotheses, produces a CAT(0)
space on which an HNN extension acts geometrically. In Section 4 we start in the rank three case with the group G =
F(a, b, c) ϕ Z where ϕ is the upper triangular automorphism determined by ϕ(a) = a, ϕ(b) = baκ , and ϕ(c) = cw,
for some w ∈ 〈a, b〉. In this section we prove the main result:
Theorem 4.3. Suppose that G = F(a, b, c)ϕ Z with ϕ determined by ϕ(a) = a, ϕ(b) = baκ , and ϕ(c) = cw, where
w is a word in a, b, a−1, b−1. If the exponent sum of b in the word w is nonzero, then G is a CAT(0) group.
In Section 5 we examine a particular free-by-cyclic group of rank n and also make a natural generalization of the
main result.
2. Preliminaries
In this section we recall basic definitions and results, using [4, Chapters II.1, II.6] as our reference. Suppose X is a
geodesic metric space. Also, suppose xi ∈ X, i ∈ {1,2,3}, and let cij : [0, d(xi, xj )] → X be geodesics from xi to xj
parameterized by arc length. Let x¯i ∈ R2 be points such that d(xi, xj ) = d(x¯i , x¯j ), and define c¯ij to be the geodesic
from x¯i to x¯j , parameterized by arc length. Then X is a CAT(0) space if for all x1, x2, x3 ∈ X, for all t1 ∈ [0, d(x1, x2)],
and for all t2 ∈ [0, d(x1, x3)] the inequality d(c12(t1), c13(t2)) d(c¯12(t1), c¯13(t2)) holds. See Fig. 1.
If X is CAT(0) then local geodesics are geodesics and X is uniquely geodesic [4, Proposition II. 1.4]. We denote
the unique geodesic between two points x0, x1 ∈ X, by [x0, x1], and we always assume geodesics are parametrized
by arc length. If φ is an isometry of X, the translation length of φ is |φ| = infx∈X d(x,φ(x)), and the set of points
achieving this infimum is Min(φ) = {x ∈ X | d(x,φ(x)) = |φ|}. We call this set the Min set of φ. If G is a group
which acts geometrically on X, then for all φ ∈ G, Min(φ) is a nonempty convex set. Moreover, the translation length
is preserved by conjugation, so |φ1| = |φ2φ1φ−12 | for all φ1, φ2 ∈ G.
If φ is an isometry of a CAT(0) space X with |φ| > 0 and Min(φ) nonempty, we say that φ is a hyperbolic isometry.
By [4, Theorem II.6.8], φ is hyperbolic if and only if there is a geodesic line c :R → X that is translated nontrivially
by φ, so that for some α > 0 the equality φ(c(t)) = c(t + α) holds for all t ∈ R. This line is called an axis of φ. In
this case, Min(φ) is isometric to a product Y × R, where Y is a subspace of X, and for each y ∈ Y the set {y} × R is
an axis of φ. Also, φ(y, t) = (y, t + |φ|) for (y, t) ∈ Y × R = Min(φ).
3. Basic construction for HNN extensions
In this section we recall and slightly generalize a construction from [4, Proposition II.11], and prove some results
about the construction that will be used in later sections. The goal of this construction is the following: given a group
G that acts geometrically on a CAT(0) space X, we would like to produce a larger space on which an HNN-extension
G ∗ϕ Z acts geometrically. Now if X is the universal cover of some space X′ and G = πi(X′), then this construction
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(so that G ∗ϕ Z = π1(Y )). There are two parameters which we can choose when we put a metric on this tube—the
length of the tube and how much the tube twists—and choosing these parameters carefully is the key to our method
of proof in the following sections.
Now we describe this construction formally. (Note that there is a misprint in the equivalence relation printed in [4,
p. 358]: we use a corrected version.) Suppose that we have a group H that acts geometrically on a CAT(0) space Y .
Let Z act on R by addition, and suppose that φj :Z → H are injective homomorphisms for j ∈ {0,1}. Also, suppose
fj :R → Y are φj -equivariant isometric embeddings of R, so φj (k) ·fj (r) = fj (k+ r) for k ∈ Z, r ∈ R. Then we can
follow [4] to construct a complete CAT(0) space X on which the HNN extension G = H ∗ϕj Z acts geometrically. We
take b as the stable letter for the HNN extension, and recall that if a set of relations for H is R, then a presentation for G
is given by G = 〈H,b | R, bφ0(k)b−1 = (φ1(k)〉. In our cases this space is the universal cover of the space consisting
of a cylinder glued to the quotient Y/H . For concreteness we work with copies of Y and [0, β] × R indexed by left
cosets of H and Z in G, respectively. Specifically, X is the quotient of G × Y unionsq G × [0, β] × R by the equivalence
relation generated by
(γ h, y) ∼ (γ,h · y),(
γφ0(j), r, s
)∼ (γ, r, j + s),
(γ,0, s) ∼ (γ,f0(s)),
(γ,β, s − α) ∼ (γ b,f1(s)),
for h ∈ H , γ ∈ G, j ∈ Z, α, r, s ∈ R, y ∈ Y , where α is a fixed parameter and r ∈ [0, β]. The group G acts by left
translation on the indexing set, and because this is compatible with the equivalence relation, it is easy to verify that
G acts geometrically on X. We shall refer to the copies of [0, β] × R as ‘strips’, and if Y = R2, we shall refer to the
copies of Y as the ‘planes’. Note that the copies of Y and the copies of [0, β] × R are isometrically embedded in X.
We have generalized this construction from [4] by the addition of the parameter β which sets the width of the
strips, and the parameter α which translates the strips along the image of f1. (In [4] the parameters are β = 1 and
α = 0.) This space is a CAT(0) space because gluing CAT(0) spaces together along convex subspaces produces a
CAT(0) space [4, Theorem II.11.3]. The proof that this CAT(0) space is complete is unchanged from the proof in [4]
because it is based on the Bass–Serre tree associated to G and Y , and this tree is unchanged by the choice of the
parameters α,β .
We now prove results which will be useful later. Let Xβ,α be the space above, and let g ∈ G. We write |g|β,α for
the translation length of g in the space Xβ,α , and similarly we write Minβ,α(g) for the Min set of g in Xβ,α .
Lemma 3.1. For any g ∈ G and α ∈ R, the function f :R → R defined by f (β) = |g|β,α is continuous.
Proof. If p  0, define a map πβ,α :Xβ,α → Xβ+ρ,α by πβ,ρ(γ, y) = (γ, y) and πβ,ρ(γ, r, s) = (γ, r, s), which is
contained in Xβ+ρ,α because ρ  0. Fix ε > 0. If we let 0 < δ < ε/2, then for any x ∈ Minβ+δ,α(g) there is an
x0 ∈ πβ,δ(Xβ,α) with d(x, x0) δ, so
d(x0, g · x0) d(x0, x)+ d(x, g · x)+ d(g · x,g · x0) f (β + δ)+ ε.
Since for all y1, y2 ∈ Xβ we have g · πβ,δ(y1) = πβ,δ(g · y1) and d(y1, y2)  d(πβ,δ(y1),πβ,δ(y2)), the inequality
d(x0, g · x0) f (β) holds. Therefore f (β + δ) f (β)− ε.
Now let x ∈ Minβ,α(g) ⊂ Xβ,α , which implies that d(x, g · x) = f (β). Then the geodesic between x and g · x can
cross at most N ≡ |g|β,α/β strips. Let 0 < δ < ε/N . Since the geodesic between πβ,δ(x) and πβ,δ(x) can cross at
most N strips, we have d(πβ,δ(x),πβ,δ(g · x)) f (β)+ δN . Therefore f (β + δ) f (β) + ε. 
Lemma 3.2. If w is a word in G and the exponent sum of b in w is nonzero, then |w|β,α  β .
Proof. We show that w does not send any point in a copy of Y to another point in the same copy of Y . Consequently,
if w sends a strip to itself, we can write w · (γ, r, s) = (wγ, r, s) ∼ (γ, r, s + ε) for some γ ∈ H , ε ∈ R, and for all
r, s ∈ R with 0 r  β . Therefore w · (γ,0, s) ∼ w · (γ, f0(s)) ∼ (γ, f0(s + ε)), hence w sends a point in a copy of Y
to another point in the same copy of Y , a contradiction. Now if Min(w) were entirely contained in one strip, that strip
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and this point of intersection is sent under w to a point in a different copy of Y . Then the geodesic between this point
and its image under g must cross a strip, and since the shortest distance across a strip is β , we see that |w|β,α  β .
To see that w does not send any point in a copy of Y to another point in the same copy of Y , suppose that for some
τ ∈ G and some y ∈ Y we have τ · (eH , y) ∈ {eH } × Y . Then (τ, y) ∼ (eH , y′) for some y′ ∈ Y , which implies that
τ ∈ H G. Since the exponent sum of b in each of the relations of G is zero, the exponent sum of b in τ must be
zero. Now suppose that w · (γ, y) ∼ (γ, y′) for some γ ∈ G. Then γ−1wγ (eH ,y) ∼ (eH , y′) and the exponent sum
of b in w is zero, a contradiction. 
4. Rank three automorphisms
The purpose of this section is to construct CAT(0) spaces on which certain free-by-cyclic groups act geometrically
using the construction in the previous section. Let F3 be the free group of rank 3. Fix a basis {a, b, c} of F3 and
suppose that φ is an automorphism of F3 defined by
φ(a) = a,
φ(b) = baκ,
φ(c) = cw,
where w ∈ 〈a, b〉 and where k = 0. Let G = F(a, b, c) ϕ Z, and note that G has the presentation
G = 〈a, b, c, t | tat−1a−1 = 1, baκ tb−1 = t, t = cwtc−1〉.
Let G0 = Z2 ∗φ¯i Z be the HNN extension of Z2 = 〈a, t | ta = at) by Z with the injective homomorphisms φ¯0(1) =
aκ t and φ¯1(1) = t , and with stable letter b. Recall that the HNN extension with this data is
G0 =
〈
a, t, b | ta = at, baκ tb−1 = t 〉.
To use the construction from the previous section, we want to fix a geometric action of Z2 on R2. Without loss of
generality we assume that |t | = 1, because we can rescale the metric to obtain this. Fix θ ∈ (0,π) and let Z2 act on
R
2 by
aκ t · (x, y) = (x + cos θ, y + sin θ),
t · (x, y) = (x + 1, y).
This gives a well-defined geometric action because κ = 0. Also let Z act on R by addition. Note in particular
that by choosing θ ∈ (0,π) to be small enough, we are able to force |aκ | < ε for any ε > 0. Let f¯0 :R → R2 map
f¯0(r) = (r cos θ, r sin θ) and let f¯1(r) :R → R2 map f¯1(r) = (r,0). See Fig. 2 for a diagram of these actions. The
maps f¯j are φ¯j -equivariant, so for each choice of parameters α,β, θ with α ∈ R, β ∈ R+, θ ∈ (0,π), we can use the
construction from the previous section to produce a CAT(0) space X0 on which G0 acts geometrically.
We now attempt to find a CAT(0) space X on which G acts geometrically. Our approach is to apply the construction
from the previous section to X0. Let φj :Z → G0 be defined by φ0(1) = wt and φ1(1) = t , giving G = G0 ∗φj Z.
If for some choice of parameters we can find φj -equivariant fj :R → X0, then G must act geometrically on some
CAT(0) space. We let f1(r) = (eG0, (r,0)) which is φ1 equivariant just as above. Therefore all that is left to do is to
find f0.
Fig. 2. The embeddings f¯i and the action of a.
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|wt | = 1. Then wt is a hyperbolic isometry, and we can decompose the space Min(wt) into a product R × Y for
some subspace Y ⊂ X. Furthermore we know that wt acts by translation of length 1 on each axis {y} × R. There-
fore, any parameterization by arc length of an axis provides a φ0-equivariant embedding of R. Thus to show that
G acts geometrically on a CAT(0) space we only need to show that we can choose the parameters α,β, θ such
that |wt | = 1.
First suppose that w = aj . We recall the result [6, Proposition 2.1]:
Theorem 4.1. (Gersten) If κ = 0 and wt = aj t with j /∈ {0, κ}, then G defined above is not a CAT(0) group.
Proof. The Flat Torus Theorem [4, Theorem II.7.1] states that if a free Abelian group A of rank n acts geometrically
on a CAT(0) space X, then there is an isometric embedding of Rn into X which is stabilized by the action of A, and A
acts on this embedding by translation. If we pick a basepoint x0 in this copy of Rn, we can associate the vector g · x0
to each g ∈ A. If two group elements g1, g2 are conjugate, then since their translation lengths are equal, the vectors
g1 · x0 and g2 · x0 are of equal length. If wt = aj t , then t, taκ , and wt are all conjugate and are all in the free Abelian
subgroup 〈a, t〉, so they are each associated to a point in R2 the same distance from the origin x0, so they lie on a
circle. Since j /∈ {0, κ} and κ = 0, these are three distinct points on a circle. However, these points also lie on the line
passing through t · x0 and taκ · x0, a contradiction. 
The same proof holds if wt is conjugate to aj t with j = κ (because conjugation preserves translation length). For
example, if w = bab−1, then wt = baκ+1ϕ(b−1)t = baκ+1tb−1, so G cannot act on a CAT(0) space. The same is
true for more complicated words, such as w = bab−1aϕ(b)aϕ(b−1). However, we note that all examples of this type
originate from linearly growing automorphisms, which raises the following question:
Question 4.2. If ϕ :F3 → F3 is quadratically growing, is F3 ϕ Z a CAT(0) group?
Gersten’s result and the example following it show that any method which produces a φ0-equivariant f0 whenever
possible at the very least must be able to determine whether wt is conjugate to aj t with j = κ , and this seems to be a
difficult problem. In our next result we restrict to a subclass of words which cannot have this behavior—those words
w with the exponent sum of b nonzero. The next result gives some evidence for an affirmative answer to Question 4.2,
since it is easy to see that if the exponent sum of b in w is nonzero, then the automorphism ϕ is quadratically
growing.
Theorem 4.3. Suppose that G = F(a, b, c) ϕ Z with ϕ determined by ϕ(a) = a,ϕ(b) = baκ , and ϕ(c) = cw, where
κ = 0 and w is a word in a, b, a−1, b−1. If the exponent sum of b in the word w is nonzero, then G is a CAT(0) group.
Proof. By the above discussion, it suffices to find α,β, θ such that the translation length of wt in X0 is 1. Write the
freely reduced word w as w = ak1be1 · · ·aknbenakn+1 where |ej | = 1 and ∑nj=1 en = 0. (Notice that we are allowing
kj = 0.) Since conjugation preserves translation length,
|wt | = ∣∣akn+1wta−kn+1∣∣= ∣∣akn+1wa−kn+1 t∣∣
so since we need only show that |wt | = 1, we may assume kn+1 = 0. Lemma 3.2 shows that |wt | β , so if β > 1, then
|wt | > 1. To show that there is some choice of α,β, θ where |wt | = 1, we show that there is some choice of parameters
such that |wt | < 1. Since |wt | is a continuous function of β by Lemma 3.1, the Intermediate Value Theorem implies
that for some β we have |wt | = 1.
To give an upper bound to the translation length we pick a basepoint x0 and a series of points connecting x0 to
wt · x0 and use the triangle inequality to bound d(x0,wt · x0). The key to this construction is the manner in which we
choose this series of points. The goal is to have the path cross each strip in the shortest possible way, so the length
of the intersection of the path with any strip is β . Informally, this means that each time the path crosses a strip, its
position when it crosses the next strip will be shifted by ±α. Therefore we choose α so that after crossing all the strips
the position of the path at the bottom of the strip is shifted by a distance 1, which is required because this agrees with
the action of t .
Towards this end, let γj = ak1be1 · · ·akj bej , so γ0 = 1G is the identity, and γn = w. Also, for 0  j  n let0
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r¯j =
j∑
m=1
em,
rj = r¯j − r¯n
r¯n
,
xj =
(
γj , f¯1(rj )
)
.
Plugging in j = 0, we have x0 = (1G0, (0,0)), and simple manipulation shows wt · x0 = xn. Therefore |wt | 
d(x0, xn)
∑n−1
j=0 d(xj , xj+1). We now have two cases.
Case 1: Suppose γj+1 = γjakj+1b. See Fig. 3, where we diagram the position of the points x, y, and z described
below. Let
x = xj+1 =
(
γja
kj+1b, f¯1(rj+1)
)
,
y = (γjakj+1, f¯0(rj )),
z = (γj , f¯0(rj )).
Let ρ = maxj (1 + |rj |). For any integer i we have aiκ · f¯1(i) = f¯0(i). Therefore, for any |λ|  |ρ| we have
d(f¯0(λ), f¯1(λ)) ρ|aκ |. Then since rj+1 − rj = 1/r¯n, we have the inequalities
d(xj , xj+1) d(x, y)+ d(y, z) + d(z, xj ),
d(x, y) = d((γjakj+1, β, rj+1 − α), (γjakj+1,0, rj ))=
√
β2 +
(
1
r¯n
− α
)2
,
d(y, z) = dp
(
akj+1 · f¯0(rj ), f¯0(rj )
)= |kj+1| · |a|,
d(z, xj ) = dp
(
f¯0(rj ), f¯1(rj )
)
 ρ
∣∣aκ ∣∣.
Therefore, we have
d(xj , xj+1)
√
β2 +
(
1
r¯n
− α
)2
+ (|kj+1| + ρ) · ∣∣aκ ∣∣.
Case 2: Suppose γj+1 = γjakj+1b−1. We proceed as in the previous case, letting
x = xj+1 =
(
γja
kj+1b−1, f¯1(rj+1)
)
,
y = (γjakj+1b−1, f¯0(rj+1)),
z = (γjakj+1, f¯1(rj )).
So since rj+1 − rj = −1/r¯n, we have the inequalities
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d(x, y) ρ
∣∣aκ ∣∣,
d(y, z) = d((γjakj+1,0, rj+1), (γjakj+1, β, rj − α))=√β2 + (−rj+1 + rj − α)2 =
√
β2 +
(
1
r¯n
− α
)2
,
d(z, xj ) |kj+1| · |a|.
Therefore, we have
d(xj , xj+1)
√
β2 +
(
1
r¯n
− α
)2
+ (ρ + |kj+1|) · ∣∣aκ ∣∣.
Now let α = 1/r¯n, and notice that for any ε > 0 we can choose β < ε. Recall from the first paragraph of this section
that we can also choose θ such that |aκ | < ε. Then since d(x0, xn) is bounded by a fixed sum of multiples of β and
|aκ |, and the terms of this sum are independent of our choices of β and θ , we can choose β, θ such that d(x0, xn) is
arbitrarily close to zero. In particular, we can choose β, θ such that |wt | d(x0, xn) 1. 
We also include a result for the case when κ = 0. In this instance Gersten’s argument does not work for any word w,
because even if w = aj , the set {t, aκ t,wt} only contains at most two distinct elements, so the elements of this set can
lie on a circle and a line with no contradiction.
Theorem 4.4. Suppose that G = F(a, b, c) ϕ Z with ϕ determined by ϕ(a) = a, ϕ(b) = b, and ϕ(c) = cw, where w
is any word in a, b, a−1, b−1. (This corresponds to the case κ = 0 in Theorem 4.3.) Then G is a CAT(0) group.
Proof. We want to show that
G = 〈a, b, c, t | [a, t] = [b, t] = 1, t = cwtc−1〉
is a CAT(0) group. Let H = F(a, b) × 〈t〉 and φi :Z → H with φ0(1) = wt and φ1(1) = t . Then G = H ∗ϕ Z. Let
Y be a metric graph with one vertex and two edges of length r , so π1(Y ) = F(a, b). Label the two edges of Y with
a, b. Now construct a 2-cell complex X from Y by gluing the edges labeled a, b in each Euclidean 2-cell in Fig. 4
to the corresponding edge of Y , and by gluing the t , (t−1) edge in one 2-cell to the t−1, (t) edge, respectively, in the
other 2-cell. Now we have π1(X) = H . To see that X is non-positively curved, we use the Link Condition described
in [4, Chapter II. 5]. This condition states that if the link of each vertex in a 2-dimensional polyhedral cell complex
C contains no injective edge loops of length less than 2π , then C is non-positively curved. The link of the one vertex
of X is shown in Fig. 5, and there are no loops of length less than 2π , so X is non-positively curved. Since H is
torsion-free, this implies that the universal cover X˜ of X is a CAT(0) space, and H acts geometrically on X˜. Let
T be the Cayley graph of F(a, b) with edges of length 1. Then T × R is homeomorphic to X˜, and if θ = π/2 and
la = lb = 1, this homeomorphism is an isometry. We refer to points in X˜ using the corresponding points in T × R.
Now we use the construction described in Section 3 to construct a CAT(0) space on which G acts geometrically.
Define f1 :R → X˜ as f1(r) = (e, r), so f1 is φ1-equivariant because |t | = 1. If we can choose r and θ so that |wt | = 1,
the construction in Section 3 works and produces a CAT(0) space Z on which G acts geometrically.
Let x0 = (e,0), so wt · x0 = (w,1). Suppose that w = w1a, with w having length n and w1 having length n − 1.
Given the parallelogram in Fig. 4, it is possible to vary θ and r so that the distance between opposite corners is
less than the length of the edge labelled t . Therefore, we can choose θ and r such that d((e,0), (a,1)) < 1. Since
Fig. 4. 2-cells with edges labelled a and b of length r , and edges labelled t of length 1. For Theorem 4.4.
2830 P. Samuelson / Topology and its Applications 153 (2006) 2823–2833Fig. 5. The link of the vertex of X.
decreasing r does not increase this distance, we can choose r to be arbitrarily close to zero (but positive). Then the
triangle inequality shows that
d
(
(e,0), (w,1)
)
 d
(
(e,0), (a,1)
)+ d((a,1), (w,1)) (1 − ε)+ r(n − 1).
Therefore we can choose θ, r such that |wt |  1. Since we can force |wt |  1 by choosing r to be large, the Mean
Value Theorem shows that we can choose r , θ so that |wt | = 1, as desired. 
5. Case where F has rank n
Suppose we wanted to construct a CAT(0) space on which an HNN extension of the group G discussed in Theo-
rem 4.3 acts geometrically. We know that G acts geometrically on some CAT(0) space X, which consists of copies of
X0 glued together with strips along translates of the images of f0, f1. However, we do not have an explicit expression
for f0, so we are unable to determine distances explicitly in X, which makes it difficult to use the construction of Sec-
tion 3 to glue together copies of X to make a space on which the HNN extension of G acts geometrically. Therefore,
in this section we study cases where we can iteratively use the construction of Section 3, and where each level of this
construction uses explicit embeddings f0, f1 of R.
We prove two results for simple cases of free-by-cyclic groups of rank n. Notice that the key to Theorem 4.3 is
that the images of f¯0, f¯1 can be arbitrarily close to each other. This property is used in Theorem 5.1, which includes
Theorem 4.3 as a subcase, and is proved using a slightly generalized argument.
(Note that the automorphisms in Theorem 5.1 are all quadratically growing.) In Lemma 5.2 we show that for a
particularly simple automorphism we are able to determine f0 explicitely, and are able to extend this construction to
the corresponding automorphism of Fn.
Theorem 5.1. Fix some κ ∈ Z. If ϕ is an automorphism of the free group F(a, c0, . . . , cn, d) defined by ϕ(a) = a,
ϕ(cj ) = cj aκ , and ϕ(d) = dw, where w is a word in {a, c0, . . . , cn}± whose exponent sum in cn is nonzero, then
F(a, c0, . . . , cn, d) ϕ Z is a CAT(0) group.
Proof. Let ϕj be the restriction of ϕ to the free group F(a, c0, . . . , cj ). Let
Gj = F(a, c0, . . . , cj ) ϕj Z,
φ0,j , φ1,j :Z → Gj−1,
φ0,n+1, φ1,n+1 :Z → Gn.
Define the above homomorphisms by
φ0,j (1) = aκ t,
φ1,j (1) = t,
φ0,n+1(1) = wt,
φ1,n+1(1) = t.
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Gj+1 = Gj ∗φ0,j+1,φ1,j+1 Z,
G = Gn ∗φ0,n,φ1,n Z.
Now we define inductively spaces Xj on which Gj act. Let X0 be the space described in the first paragraph of
Section 4. Define
f0,1, f1,1 :R → X0,
f0,1(r) =
(
eG0, f¯0(r)
)
,
f1,1(r) =
(
eG0, f¯1(r)
)
.
The maps f¯0, f¯1 :R → R2 are defined in the first paragraph of Section 4. Now notice that f0,1, f1,1 are φ0,1, φ1,1-
equivariant, respectively. Since G1 = G0 ∗φi,1 Z, the construction described in Section 3 shows that G1 acts geomet-
rically on a CAT(0) space X1 which consists of copies of X0 glued together by strips of width β1 and translated a
distance α1.
For each j  n we can inductively construct a CAT(0) Xj on which Gj acts geometrically using the isometric
embeddings
f0,j , f1,j :R → Xj−1,
f0,j (r) =
(
eGj−1, f0,j−1(r)
)
,
f1,j (r) = (eGj−1, f1,j−1(r)
)
.
Furthermore, these constructions hold for any values of βj ,αj , and θ . Now Gn acts geometrically on a collection
of CAT(0) spaces indexed by the choice of the parameters {θ,αj ,βj }0jn. To show that G = Gn ∗φ0,n,φ1,n Z acts
geometrically on a CAT(0) space, we must show that there is a choice of parameters such that there are isometric
embeddings of R into Xn that are φ0,n, φ1,n-equivariant.
We divide the remainder of the proof of the theorem into two steps. First we show that in any Xj , we can choose
the parameters βj ,αj such that for any ρ > 0 and for any finite set of words w0, . . . ,wi in {a, c0, . . . , cj }±, the set of
distances d(f0,j (r),w · f0,j (r)) can collectively be made arbitrarily small for all |r| ρ. Therefore, given an ε > 0,
we can force |wi | ε. In the second step we use the same argument that we used in Theorem 4.3, except that the word
ak1be1 · · ·bem is generalized to the word w1ce1n · · ·wmcemn , where each wi is a word in the alphabet {a, c0, . . . , cn−1}±.
Step 1: Suppose that in Xj we can choose the parameters βi,αi for 0  i  j so that for any ρ > 0 and for any
finite set of words w0, . . . ,wm in the alphabet {a, c0, . . . , cj }± the set of distances d(f0,j−1(r),w · f0,j−1(r)) can
collectively be made arbitrarily small for all |r| ρ. Let w be a word in {a, c0, . . . , cj+1}±. We fix ε > 0, ρ > 0, and
we want to show that in Xj+1, d(f0,j+1(r),w · f0,j+1(r)) < ε for any |r| < ρ. Let αj = 0 and let |r| ρ, and write
w = w0ce1j+1w1 · · ·wmcemj+1wm, with |ei | = 1, and with each wi a (possibly empty) word in {a, c0, . . . , cj }±. Now let
αj+1 = 0. Also, let x0 = w0 · f0,j+1(r). Now we pick βi,αi , and θ so that the assumption holds for ε/2(m+ 1), ρ for
the set of words w0, . . . ,wm. As in Theorem 4.3, we choose a series of points {xi}i=mi=0 with xm = ww−10 · x0 and use
the triangle inequality to bound the distance between x0 and xm. Let
γi = w0ce1j+1w1 · · · ceij+1wi,
xi =
(
γi, f0,j (r)
)
.
The argument for ei = 1 and ei = −1 is the same, so suppose ei = 1. Let
x = xi+1 =
(
γicj+1wi+1, f0,j (r)
)
,
y = (γicei+1j+1, f0,j (r))= (γicj+1, f1,j (r))= (γi, βj , r − αj ),
z = xi = (γi,0, r).
Then d(z, y) = βj since αj = 0. By assumption
d(x, y) = d((wi+1, f0,j (0)), (eGj , f0,j (0))) ε/2(m+ 1).
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ε/(m + 1), the assumption holds for a single word w. To see that it holds for any finite set of words, we can take all
the parameters to be the minimum of our choices for each word, because decreasing any one of the parameters does
not increase our bound on any of the distances.
Step 2: Now we have constructed an Xn on which Gn acts geometrically, and we can choose the parameters of
this construction so that for any ε,ρ > 0 and for any finite set of words w1, . . . ,wj in the alphabet {a, c0, . . . , cn}±,
the inequality d((eGn, f0,n−1(r)),wi · (wgn, f0,n−1(r)))  ε holds for all |r|  ρ. Now we suppose w is a word
in {a, c0, . . . , cn}± with the exponent sum of cn in w nonzero. We are now in a very similar situation to that of
Theorem 4.3, so we generalize that argument to this situation. The details are left to the reader. 
Our final result is very similar to an example presented without proof in [7, Example 2, p. 45]. In this particular
case we explicitly find the Min set of the word wt at each step of the construction. However, this result relies on a
trick, and generalizing it seems to be messy and difficult.
Lemma 5.2. Suppose ϕ is an automorphism of the free group F(a, c0, . . . , cn) sending ϕ(a) = a, ϕ(c0) = c0aκ , and
ϕ(cj ) = cj cj−1. Then F(a, c0, . . . , cn) ϕ Z acts geometrically on a CAT(0) space.
Proof. We proceed using the same inductive technique as in Theorem 5.1, with the group Gj = F(a, c0, . . . , cj )ϕ Z
acting on the CAT(0) space Xj and with
φi,j :Z → Gj−1,
fi,j :R → Xj−1,
Gj = Gj−1 ∗φi,j Z,
for i ∈ {0,1}. We also show that at each level j of the construction, f0,j (0) = f1,j (0) ∈ Min(cj−1t), and that f0,j (0) =
(eGj−1, f0,j−1(0)). At level j we add the generator cj , so φ0,j (1) = cj−1t and φ1,j (1) = t . If n = 0, then label f¯i by
fi,−1, and the assumption (except for the notation in the second statement) is satisfied because f0,−1(0) = f¯0(0) =
f¯1(0) = (0,0). Therefore the proof for the inductive step and the base case is the same.
Suppose we have constructed an Xn satisfying the assumption, so f0,n(0) = (eGn−1 , f0,n−1(0)) ∈ Xn−1. Let x0 =
(eGn, f0,n(0)) ∈ Xn, and let f0,n+1(k) = (cnt)k · x0 for integers k. For 0 ε < 1, let f0,n+1(k + ε) be the point on the
geodesic [(cnt)k · x0, (cnt)k+1x0] a distance ε from f0,n+1(k). If we can show that the image of f0,n+1 is an isometric
embedding of R, then since isometries send geodesics to geodesics,
cnt ·
[
(cnt)
kx0, (cnt)
k+1x0
]= [(cnt)k+1x0, (cnt)k+2x0]
so the image of f0,n+1 is preserved under the action of cnt . Since the image is also a convex set, the translation length
of cnt restricted to f0,n+1(R) is the same as the translation length of cnt in the whole space [4, Proposition II.6.2(4)].
Therefore |cnt | = d(x0, cnt · x0), and x0 ∈ Min(cnt). Now we define f1,n+1(r) = (eGn, f1,n(r)), which is clearly
φ1,n+1-equivariant.
Now all we have left is to show that the image of f0,n+1 is an isometric embedding of R. To do this it suffices to
show that (cnt) · x0 ∈ [x0, (cnt)2 · x0].
See Fig. 6, which is a picture of the base case where n = 0 and α = 1; we show that this figure is accurate in the
following paragraph. The figure shows the two strips that the geodesic passes through but omits the planes, which are
below, between, and above the strips.
Now we have the following equalities
x0 =
(
eGn, f0,n(0)
)∼ (eGn,0,0),
cnt · x0 =
(
cn, f1,n(1)
)∼ (eGn,βn,1 − αn) ∼ (cn, tf0,n(0))∼ (cnt,0,0),
(cnt)
2 · x0 =
(
cntcn, t (0,0)
)∼ (cnt, βn,1 − αn).
If we let αn = 1, we see d(x0, cnt · x0) = β , so the triangle inequality shows that d(x0, (cnt)2 · x0)  2β . From
Lemma 3.2 we see that d(x0, (cnt)2 · x0) 2|cnt | 2β . Therefore cnt · x0 ∈ [x0, (cnt)2 · x0]. 
P. Samuelson / Topology and its Applications 153 (2006) 2823–2833 2833Fig. 6. Geodesic in X0 between x0 and x3 = bt · x0, with α = 1.
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